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The Model



THE MODEL

H = kaﬁko T J§d . §, 5 Z 5aﬁclack’67 §d — impurity spin
ko kk/,()é,ﬁ

local s—wave interaction between impurity spin Sy and conduction electrons §

Kondo 1964; Schrieffer and Wolff 1966.



m Resistance of metal reveals non-monotonicity at low
T - owing to spin-flip scattering

Anderson and Yuval 1969; Anderson 1970; Wilson 1975; Andrei, Furuya, and Lowenstein
1983a; Andrei, Furuya, and Lowenstein 1983b; Wiegmann 1981; Nozieres 1974.
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m Resistance of metal reveals non-monotonicity at low

T - owing to spin-flip scattering o
imp

m "Poor Man’s scaling” & numerical RG showed -
spin-exchange coupling renormalises to co

m low energy phase of metal is local Fermi liquid

B Ximp becomes constant at low temperatures - Cimp
becomes linear - total resistance R rises after going
through a minimum

m thermal quantities functions of single scale T/ Tk

Anderson and Yuval 1969; Anderson 1970; Wilson 1975; Andrei, Furuya, and Lowenstein
1983a; Andrei, Furuya, and Lowenstein 1983b; Wiegmann 1981; Nozieres 1974.
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WHAT’S LEFT TO UNDERSTAND?

m Finite J effective Hamiltonian at fixed point

Hamiltonian for the itinerant electrons forming the macroscopic singlet

m Nature of correlations inside the Kondo cloud: Fermi liquid vs off-diagonal - what
leads to the maximally entangled singlet?

m Behaviour of many-particle entanglement and many-body correlation under RG
flow
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THE UNITARY RENORMALIZATION GROUP METHOD

The General Idea

m Apply unitary many-body transformations to the Hamiltonian J
m Successively decouple high energy states Uj
m Obtain sequence of Hamiltonians and hence scaling equations H

71—1

Mukherjee and Lal 2020a; Mukherjee and Lal 2020b.



THE UNITARY RENORMALIZATION GROUP METHOD

Select a UV-IR Scheme

UV shell

ky (zeroth RG step)

l:j (jth RG step) k

ki (Fermi surface)

IR shell

Mukherjee and Lal 2020a; Mukherjee and Lal 2020b.



THE UNITARY RENORMALIZATION GROUP METHOD

Write Hamiltonian in the basis of I?J

occupied particle-hole
" component fluctuation
Hgy = Hifj+Ho (1 — Ay)+c] T+Tig

21 dim. s Hi, Hy — diagonal parts
T — off-diagonal part

() : /™ RG step

unoccupied
component

Mukherjee and Lal 2020a; Mukherjee and Lal 2020b.



THE UNITARY RENORMALIZATION GROUP METHOD

Rotate Hamiltonian and kill off-diagonal blocks

_ i
Hi-1) = Uy Hip Y

P 1 frl many-particle
") &) — Hp < } rotation

) n; becomes an
(quantum fluctuation operator) integral of motion

(IOM)

Mukherjee and Lal 2020a; Mukherjee and Lal 2020b.



THE UNITARY RENORMALIZATION GROUP METHOD

Repeat with renormalised Hamiltonian

Hj-1) = Fhy + Ho (1 — )

Hl = Hlf’lj_l + Hp (1 = ﬁj—l) + CJT_IT—F TTCJ'_l

Mukherjee and Lal 2020a; Mukherjee and Lal 2020b.



THE UNITARY RENORMALIZATION GROUP METHOD

RG Equations and Denominator Fixed Point

AH) = (ﬁj - ;) {700}

y 1 ; N decoupled
~— " s
My = 5 = H G T emergent L ———
“0) P wind%w %
Fixed point: &« — (Hp)* =0
eigenvalue of & coincides with
that of H

Mukherjee and Lal 2020a; Mukherjee and Lal 2020b.
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THE UNITARY RENORMALIZATION GROUP METHOD

Novel Features of the Method

m Quantum fluctuation scale & that tracks all orders
of renormalisation

m Finite-valued fixed points for finite systems - leads to
emergent degrees of freedom

m Spectrum-preserving unitary transformations -
partition function does not change

m Tractable low-energy effective Hamiltonians - allows
renormalised perturbation theory around them
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URG orF THE KONDO MODEL

RG Equation

Kondo cloud Dy Dy
e = —
n J2 (wiy — 4 :
i () ( () 2) IOMs i I0Ms
Ay = N2
(w N — &) — 12 i
)~ 2 16~ (j) E < Ep Er E> Ep
1
J =4 (w* — 2D*> For Jijy < D;, we recover weak-coupling form:
D* — emergent window AW/ .
Amnp; "0

Anderson 1970; Sgrensen and Affleck 1996.



URG orF THE KONDO MODEL

RG flows and fixed points

1 =1 .
Koy = Ju) (w(j) 2%)) , Ki=4
2 D; '
AJ, £ J(f) (wU) B 71) 107 000

0 = D,\2

(W(J) - 7) ~ 169(0) ~0.02

J—4 (w* B ;D*) y 10! DLD: i()i]z — gzg %;—:o{m ~004,_
D* — emergent window —0.06
. 1072
W) > Y —0.08
0> >

0 20 40 60 80 100
<— RG steps



URG orF THE KONDO MODEL

Phase diagram

D.
A nj JG (WU)—#) AJ >0 LM AJ>0 SC AJ<0
U) ( ._&)2_ij2 — > r»— 0 <
W) — 2 16~()) J<0 T7>0
1 H
J = (w* - 2D*> m Decay towards FM fixed point for J < 0

m Attractive flow towards AFM fixed point for

D* — emergent window
J>0

b;

wi) > 5



URG orF THE KONDO MODEL

Kondo cloud length &x«

T _ hveNg o ( 1 B 1 - Ko ) £ = hvg
. K= ke SP\2n(0)  n(0)Ko n(0)16)7 KT ksT,
N n By (wi)— %)
0 = D,\2 6
(W(J) - 7) ~ 169(0) 5 P
40 s
J =4 (w* — 2D*> 5 e
Up3.5 =
D* — emergent window . 10¥C
D; g =
w() > > 2.5 ~
6

1071 1077 1072 107 10
J(bare coupling in units of t)



URG orF THE KONDO MODEL

Kondo temperature Ti

Exponential growth of Tk at low J

n;j Jiy (wm = 2) 0.30
Ao = D\? _ 1 J2 0.25
(W(J) - 7) ~ 167())
0.20
Jr=4w - §D £0.15
D* — emergent window 0.10
D; 0.05
W) > 5
0005 15 1o 0

J(bare coupling in units of t)

Wilson 1975; Krishna-murthy, Wilkins, and Wilson 1980; Haldane 1978; Ribeiro et al. 2019.



URG orF THE KONDO MODEL

Fixed point Hamiltonian

nj J2, (wiy — 2 N
Ay = — 0>£g’ 7)o Y ko + S5 s<+ZJJSdZs
(wiy— %) - 54 k<k*.o T
. emergent window integrals of motion

1 .
_ t =
=1 T dgesces
D* — emergent window K k! < k*

D; 1 . .
w() > 71 52 = 2 (an - n%)




URG orF THE KONDO MODEL

Approach towards the continuum

J* — o0 in thermodynamic limit

2 D;
Al n;j Jiy (w(j) - 71) 10°
0~ DN\2 1
_ _ J2
(W(J) 2) 167(j)
104
1
J* - 4 ¥ — *D* *§
(w 2 ) 10
D* — emergent window
D; 102
W) >

10° 10! 102 10° 107

Wilson 1975.



Zero-bandwidth limit of fixed point

Hamiltonian



ZERO-BANDWIDTH LIMIT OF FIXED POINT HAMILTONIAN

Route to the zero-bandwidth model

At strong-coupling fixed point,
m kinetic energy acts as a perturbation

m compress the bandwidth to just the Fermi surface

*
zero bw

= JSq -5+ (e — ) fik.  (center of motion)
m Setting ;1 = ¢f gives a two-spin Heisenberg model

H>k :J*S:d'§<

Zero



ZERO-BANDWIDTH LIMIT OF FIXED POINT HAMILTONIAN

Effective two-site problem

Hero = J754 - 5< + Hioms
Sy 5
J*Sq - 3<
impurity central site

. 1
Singlet ground state:  |W) = 7 (I 4) = 14 1)) ®Ljx [n))

S5

Goldhaber-Gordon et al. 1998.



ZERO-BANDWIDTH LIMIT OF FIXED POINT HAMILTONIAN

Impurity magnetic susceptibility

(xxT)

1 q a
=3 Curie paramagnetism

T—o0

H:, (B) = J*S4 - 5. + BS?

0.25
=

020
im d (kBT dZ(B)> :
— | — T &

X= 2T uB Z(B) dB 30.15
Moo
th

Sy A Tsinn(BU)  Boos
1+ ef% cosh(%J ) Eo.oo

107 10! 107
T/T[{

Wilson 1975; Andrei, Furuya, and Lowenstein 1983b; Wiegmann 1981.



ZERO-BANDWIDTH LIMIT OF FIXED POINT HAMILTONIAN

Impurity magnetic susceptibility

1
) X(T = 0)= 55, 4Tex(T = 0) = W ~ 0413
Hoo(B) = J*Sq - 5 + BSZ
LM is screened W =Wilson number
0.4134
) d ( kBT dZ(B)> 0.4132
x = lim — —
B—~0dB \Z(B) dB 04130
£50.4128
04126
ay i <
_ %‘i_ #eﬁ ’ smh(%J ) 0.4124
1487 COSh(%J* 0.4122
0.4120

0.00 005 010 0I5 020 025 030
J
Wilson 1975; Andrei, Furuya, and Lowenstein 1983b; Wiegmann 198(1.



ZERO-BANDWIDTH LIMIT OF FIXED POINT HAMILTONIAN

Impurity magnetic susceptibility
Maximum in y at Tk
Contribution from polarised states vanish

Hoo(B) = J*Sq - 5 + BSZ o

=0
i

X = Ilmd(kBT)> 1%0.3
B0 dB \Z(B) dB o

| 0.2
N

ﬂ + e A% smh(gJ ) 20.1
1487 cosh(gJ ) %

0.0

10° 10" 10?

TJTK
Wilson 1975; Andrei, Furuya, and Lowenstein 1983b; Wiegmann 1981.



Effective Hamiltonian for the Kondo
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EFFECTIVE HAMILTONIAN FOR THE KoNDO CLOUD

m Restore the kinetic energy part:

Z kPro + J*Sy - Ge = Z €xhike + J*SZsZ + J*Sjs;—kh.c.
k<k*.o k<k*,o —
\;/—/ - vV + vt

H; Hp
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m Restore the kinetic energy part:
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* * %/_/
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EFFECTIVE HAMILTONIAN FOR THE KoNDO CLOUD

m Restore the kinetic energy part:

Z exhe + J* Sd Se = Z €ExNke + J*5d5< + J*Sjsg + h.c.
* - —_—
k<k Kes k<k ,O vV + VT
Hg Hp

m Freeze impurity dynamics by integrating out V:

1 1
Heg=Hp+V—F- Viyvi——— vy
i D+ E.— Hp + [y

m Resolve k—space part by expanding denominator in €/ Egs:

1 Hp
V——Vvi=v|=
Egs — Hp (E TE T >

Hewson 1993.



EFFECTIVE HAMILTONIAN FOR THE KoNDO CLOUD

Form of Kondo cloud Hamiltonian

* 2 *
Hett =2Hg + 52+ > Viosach el ot it
1234

2
Vi23s = (€x, — €k;) {1 T (€ks — €k + €ky T €ky)

Mixture of Fermi liquid and two-particle off-diagonal scattering term

Fermi liquid part: result of Ising scattering

2P off-diagonal term: Non-Fermi liquid in character - result of spin-flip scattering

NFL part leads to screening and formation of singlet



EFFECTIVE HAMILTONIAN FOR THE KoNDO CLOUD

Impurity specific heat

10°
m Fermi-liquid part renormalises

one-particle self-energy

o107
€ = €k + 2g A

1072

€k €k

Fe=Y “ong,
k'o!
1073
1073 1072 1071 10°

temperature T



EFFECTIVE HAMILTONIAN FOR THE KoNDO CLOUD

Impurity specific heat

m Fermi-liquid part renormalises
one-particle self-energy

0.05

€k = € + 2k
0.04
€€k
Wp = Z I 5nk/7(,/ Agn.o:s
k'c’ <
S &o0.02
m Compute renormalisation in Cy:
0.01
2. )2 ePek 2 oBek
o = 3 L, [ @27 (aPe ],
P T2 | (eff +1)2  (efer 4 1)2

k,o

10~

1[)7& 2
T/Tx

Wilson 1975; Andrei, Furuya, and Lowenstein 1983b; Wiegmann 1981.




EFFECTIVE HAMILTONIAN FOR THE KoNDO CLOUD

Wilson ratio

R =

=2

X(T%O):ﬁ

YT —0) =%

R saturatesto 2 as T — 0

Wilson 1975; Andrei, Furuya,

20.0

6.5

2.0

-3.0 —2.8 —2.6 —2.4 —2.2

and Lowenstein 1983b; Wiegmann 1981.




Many-particle entanglement &

many-body correlation




MANY-PARTICLE ENTANGLEMENT & MANY-BODY CORRELATION

Reverse RG: What does it mean?
m retrace RG flow by applying inverse unitary transformations on ground state

(UV) Hamiltonian RG flow (IR)

U
Hy— y gy Un-1y —»H

Eigenstate of fixed-
point Hamiltonian

Ul ul. Uil
Uy —— - - — [V p1) —|T.)

reconstruction of UV eigenstate by re-entangling decoupled qubits

Patra and Lal 2021; Anirban Mukherjee and Lal 2021.



MANY-PARTICLE ENTANGLEMENT & MANY-BODY CORRELATION

Reverse RG: Algorithm

m Start with minimal IR ground state:

|W), = |singlet) ® |[IOMs)

singlet

Patra and Lal 2021; Anirban Mukherjee and Lal 2021.



MANY-PARTICLE ENTANGLEMENT & MANY-BODY CORRELATION

Reverse RG: Algorithm

m Start with minimal IR ground state:

|V), = |singlet) ® [IOMs)

singlet
m Re-entangle |V), with IOMs:

W), = Uf W),

1 J? 1 .
—— (== O+ Of
a7 \/E 2 QWqu — Eqchr - JSZSZ ( + )
=2 > > S0iCacer

k<A* a= T \L a=x,y,z

Patra and Lal 2021; Anirban Mukherjee and Lal 2021.




MANY-PARTICLE ENTANGLEMENT & MANY-BODY CORRELATION

Entanglement and Correlation along RG Flow

Mutual Information 0.4 Linax(eze)
- Inmx(imp:e)
/(i:j):5i+5j—5ij %0.3
5
Si=Tr(pilnpi),Sj=Tr(pjlnpy) E
£0.2
=
m MI between imp. and a k-state =
S0.1
m M| between k-states
. 0.0
Both increase towards IR 0 5 7 G

RG Steps —



MANY-PARTICLE ENTANGLEMENT & MANY-BODY CORRELATION

Entanglement and Correlation along RG Flow

020 —— (furiiy)
. —— (el e
Correlations 0.20 {ergez careat)
"
. . " " 5
m Diagonal correlation (fiy4fi21) 2015
(T
e
m 2-particle off-diagonal correlation  3o.10
T
<C1TC2J,C3¢C1T
0.05
Both increase towards IR

ot
o
~

0 1 2 3 4
RG Steps —
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Discussions & CONCLUSIONS

m Zero-bandwidth model explains the singlet state and magnetic susceptibility -
acts as a zeroth-level Hamiltonian for studying excitations

m Both diagonal and off-diagonal components in Kondo cloud - off-diagonal component
is responsible for screening

m Consistent with growth of entanglement and off-diagonal correlation near
strong-coupling

m Possible extensions include a similar analysis for Kondo lattice models: should yield
far richer phase diagram



That’s all. Thank you!
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X X T AND THERMAL ENTROPY VIA ZERO-BANDWIDTH MODEL
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MUTUAL INFORMATION (KONDO REGIME OF SIA
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MANY-BODY CORRELATION (KONDO REGIME OF SIAM)
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IMPURITY SPECTRAL FUNCTION (GEN.
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LocAL FERMI LIQUID EXCITATIONS

Effective Hamiltonian in singlet subspace

We approximate the dispersion as a real-
space nearest neighbour hopping:

H' = 1855 =Y (chciae +he)
io q

zeroth site
t< J impurity site  first site



LocAL FERMI LIQUID EXCITATIONS

Effective Hamiltonian in singlet subspace

Initially consider just the first site. Treat
hopping as perturbation:

J ¢

95 = 75 (1140 = 1) o—o " o
|singlet) 1%

V = —tz (C&,Cl,a + h.c.)



LocAL FERMI LIQUID EXCITATIONS

Effective Hamiltonian in singlet subspace

At fourth order, effective Hamiltonian is

16at* 3at?

¥ ——=Pspin + 33

eff — — 3/+3 Pcharge

’UfllTﬁu

o—o ()

\Singlet> local FL

Pspin — projector onto fiy =1

Pcharge — projector onto fy # 1

m charge sector has a repulsive term

m so, first site harbours a local FL



LocAL FERMI LIQUID EXCITATIONS

Effective Hamiltonian in singlet subspace

On reinstating the rest of the sites, the com-

plete effective Hamiltonian is Uniphiy
t t
* T oo Bleoie
Heff = |CLFL|Pcharge_t Z (CiUCiJrl’U + h.C.) |singlet) local FL

i>0,0
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